Some analogies between different nonequilibrium heat conduction models, particularly, random walk, discrete variable model, and Boltzmann transport equation with the single relaxation time approximation, have been discussed. We show that under an assumption of a finite value of the heat carriers velocity, these models lead to the hyperbolic heat conduction equation and the modified Fourier law with the relaxation term. Corresponding effective temperature and entropy have been introduced and analyzed. It has been demonstrated that the effective temperature, defined as a geometric mean of the kinetic temperatures of the heat carriers moving in opposite directions, is governed by a non-linear relation and acts as a criterion for thermalization. It is shown that when the heat flux tends to its maximum possible value, the effective temperature, heat capacity and local entropy go to zero even at a nonzero equilibrium temperature. This provides a possible generalization of the third law to nonequilibrium situations. Analogies between the effective temperature and some other definitions of temperature in nonequilibrium state, particularly, for active systems, disordered semiconductors under electric field, and adiabatic gas flow, have been shown and discussed. Illustrative examples of the behavior of the effective temperature and entropy during nonequilibrium heat conduction in a monatomic gas, a nano film, and a strong shockwave have been analyzed.
I. INTRODUCTION
Understanding how heat is carried, distributed, stored, and converted in various systems has occupied the minds of many scholars for quite a long time [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . This is not due only to purely academic reasons: its practical importance in the fabrication and characterization of nanoscale systems has been recognized as one of the most critical programs in process industries [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
The presence of the heat flux implies that the system is far from equilibrium. Building a general framework describing the far from equilibrium systems has led to a considerable amount of work towards this aim (Refs. and references therein). In spite of the recent advances, our current understanding of the fundamentals of the non-equilibrium heat conduction still remains incomplete, undoubtedly far beyond what we know for equilibrium systems. Strictly speaking, a local temperature has a well-established meaning only in global equilibrium when the heat flux is zero. In particular, the question of what precisely is a "local temperature" in a nonequilibrium system, a concept that has a well-established meaning only in global equilibrium, is open to discussion [5, 6, 9, [14] [15] [16] [17] [18] [21] [22] [23] [24] [28] [29] [30] [31] [32] [33] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] . Classical irreversible thermodynamics (CIT) is based on the local equilibrium assumption, which uses a local temperature defined as in global equilibrium even for nonequilibrium situation with nonzero heat flux. The local equilibrium assumption is valid only for a relatively weak deviation from local equilibrium when the characteristic time scale of the process t significantly exceeds the relaxation time to local equilibrium τ, i.e.   t
. CIT leads to the well-known Fourier law (FL) for the heat flux and parabolic heat conduction equation (PHCE) for the local equilibrium temperature. However, there are two main motivations to go beyond the local equilibrium assumption. One of them, of a theoretical nature, refers to the so-called "paradox" of propagation of thermal signals with infinite speed, which is predicted by the PHCE [1, 2, 4, 5, 6] . The second, more closely related to experimental observations, deals with the propagation of second sound, ballistic phonon propagation, and phonon hydrodynamics in solids at low temperatures, where heat transport departs dramatically from the usual parabolic description [5] [6] [7] [9] [10] [11] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . The most simple and well known modification of the Fourier law (MFL) for the one-dimensional (1-D) case is given by [1, 2, [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] x T t         (1) where q is the heat flux, T is the temperature, λ is the thermal conductivity. The MFL, Eq.(1), together with the energy conservation law gives the hyperbolic heat conduction equation (HHCE) [1, 2, [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Although Eq.(1) and (2) have been used to describe heat transport for quite a long time, they still raise an important question: how the local nonequilibrium temperature T is defined? Can classical thermodynamic temperature, being an equilibrium concept, still be invoked in the nonequilibrium process described by Eqs. (1) and (2)?
The question "what is temperature?" has become a subject of intense theoretical and experimental interest in a more broad context of physics, chemistry and life sciences [5, 6, [16] [17] [18] [20] [21] [22] [23] [24] [27] [28] [29] [30] [31] [32] [33] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] 49] . Several effective non-equilibrium temperatures may be defined, all of which reduce to a common value in equilibrium states, but which yield different results in nonequilibrium situations. For example, in molecular dynamic (MD) simulations, which are often used to study heat flow under far from equilibrium conditions, the most important conceptual problem is how to define the temperature at different planes in the simulation cells. Usually the MD simulations define the temperature T on the bases of an average kinetic energy as [3, 5, 6, 16, 18, [37] [38] [39] 2 2
where m is the mass of an atom, and v i is the velocity of an atom at site i. The temperature defined on the basis of the kinetic energy of the particles is sometimes referred to as the kinetic temperature. The continuous approaches [28, 42] also use an analogous definition of local nonequilibrium temperature based on the internal energythe temperature of the local nonequilibrium state is the temperature of the equilibrium state with the same energy density as in the nonequilibrium state. These approaches assume that the energy density is related to temperature by
that T  is moderate so that there is no phase change and the specific heat can be regarded as a constant [42] . In a more general case the relation between phonon energy and lattice temperature is obtained by Debye model
is the number density of oscillators [16, 27, 38] . For glassy systems, the definition of the equilibrium temperature has been extended to the non-equilibrium regime, showing up as an effective quantity in a modified version of the fluctuation-dissipation theorem (FDT) [3, 6, 17, 40] . Glasses are out-of-equilibrium systems in which thermal equilibrium is reached by work exchanged through thermal fluctuations and viscous dissipation exchange that happens at widely different timescales simultaneously. The "active" systems, from phase transformations [12, 19, 25] to bio systems [31, 32, 40, 47] , move actively by consuming energy from internal or external energy sources and their behavior is thus intrinsically out of equilibrium. The effective temperature of the active systems is usually defined also on the basis of the FDT. Extended irreversible thermodynamics (EIT) [5, 6, 9, 21] goes beyond the local equilibrium assumption and obtains generalized heat conduction models by introducing additional state variables, such as heat flux, into the expression of entropy. As a result the nonequilibrium temperature is introduced as
where S is the local nonequilibrium entropy, e is the local energy density. The thermomass (TM) model [41] indicates that the thermal energy is equivalent to a small amount of mass, called thermomass, according to Einstein"s mass-energy equivalence relation 2 mc E  and modifies the definition of entropy and temperature for nonequilibrium situations. The TM model agrees in many aspects with fluid hydrodynamics [4] and EIT [5, 6, 9, 21] .
In this paper we consider a 1D heat conduction when the deviation from local equilibrium is caused by the presence of the heat flux. In Sec.II we briefly review and discuss some different theoretical approaches to transport phenomena to deepen the understanding of heat conduction under far from equilibrium conditions. It has been demonstrated that all these models lead to the relatively fast processes with t~τ, a finite value of the particle velocity, which is a more reasonable concept from a physical point of view, should be taken into account. In 1D a welldefined finite velocity of the diffusion particles v means that the system consists of two groups of particlesone group moves on the left and another on the right. This two group (TG) approach yields the evolution equations for the particles density as follows [1,2,12]
is density of particles going to the right, ) ,
is density of particles going to the left, v is the velocity of particles, τ is the mean free time. For following considerations it is convenient to rearrange Eqs.(4) and (5) as follows (6)
being the total density of the particles, 2
where f is the phonon distribution function, v  is the phonon group velocity, and 0 f is the equilibrium distribution function. BTE, Eq.(16), can be cast into an equation for the phonon
energy density e by integrating it over the frequency spectrum as
where p is the polarization of phonons (acoustic and optical) and
is the phonon density of states per unit volume. For simplicity, the effects of temperature on the dispersion relations and the phonon density of states are neglected. Then, the BTE in a phonon energy density (e) formulation is given by [37, 38, 42] 
where 0 e is the equilibrium phonon energy density, and 
Taking into account that
, it is evident that Eqs. (16) and (17) have analogous form as Eqs. (6) and (7) . Moreover, after some algebra, as above, we obtain equations the energy flux j and energy density e: where the total phonon energy density is defined as the sum , so the artificial inclusion of "an additional diffusive term" into the BTE model by Pisipati et al. [38] seems to be excessive.
C. Lattice Boltzmann method (LBM)
Extensive computational effort is required to solve the BTE , since it involves seven independent variables descriptive for space, time, and momentum or velocity domain. This has led to the development of the lattice Boltzmann method (LBM) that, in essence, is a numerical scheme for solving the BTE, maintaining its accuracy while reducing the computational effort necessary to solve it [37, 38, 42] . One of the most popular scheme of LBM widely applied in classical phonon hydrodynamics is based on the BTE with the single relaxation time approximation, which, as it has been discussed above, results in the MFL and the HHCE for energy density (temperature).
The HHCE describes the space time evolution of the kinetic temperature under the local nonequilibrium conditions when the characteristic time of the process t~τ, but the characteristic space scale of the process L>>h. This corresponds to the work of Majumdar [24] that obtained the HHCE from semi-classical Boltzmann transport theory only in the acoustically thick limit when the characteristic space scale is much larger than the phonon MFP. Since the LBM is a consequence of the BTE with the single relaxation time approximation and has the same accuracy, it is applicable, strictly speaking, to the local nonequilibrium case with t~τ, but is not applicable to the space nonlocal situations when L~h. This implies that application of the LBM to heat conduction in nano films with L~h needs additional justification.
D. Discrete variable model (DVM)
Although the HHCE overcomes the dilemma of infinite thermal propagation speed of the classical parabolic heat-mass transfer equation, it, as we discussed above, cannot be applied to length scales comparable to the mean free path of energy carriers because of the breakdown of continuum approaches under severe nonequilibrium conditions. Therefore, it is desirable to adopt method directly based on the microscopic view of transport to deal with problems involving both small temporal and spatial scales. This method should also take into account another important issue of nano scale heat conduction -the size of the region over which temperature is defined.
The classical definition is entirely local, and one can define a temperature for each space point, whereas for the quantum definition, the length scale is defined by the mean-free-path of the phonon [16] . The idea of the minimum space region to which the local temperature T(x,t) can still be assigned corresponds to the conclusion of Majumdar [24] that "since temperature at a point can be defined only under local thermodynamic equilibrium, a meaningful temperature can be defined only at points separated on an average by the phonon mean free path". It is also consistent with the concept of minimum heat-affected region suggested by Chen [22, 23] , which assumes that during phonon transport from a nanoscale heat source the minimum size of the heat affected region is of the order of the phonon mean free path.
The most simple approach to overcome the difficulties associated with the nonequilibrium thermal transport at micro/nanoscales is the discrete variable model (DVM) [1, 12, 13, 26, [34] [35] [36] 49] , which discretizes the transport process in space and time by defining the minimum lattice size h to which the local temperature ) , ( t  x  T can still be assigned and the minimum time τ (of the order of the mean free time of heat carriers) between the successive events of energy exchange. The DVM temperature cannot vary within a discrete layer on a scale h, i.e. one cannot define T(x,t) within this layer because the whole layer is at the same temperature. This point is emphasized, since all theories of heat transport in superlattices have assumed that one could define a local temperature T(x,t) within each layer [16, 18] . One might argue that the DVM is analogous to the LBM because both models use the discrete variables. However, as we discussed above, the LBM accuracy is of the order of the accuracy of the BTE with the single relaxation time approximation, which is local in space, whereas the DVM is inherently nonlocal and captures well the behavior of heat transport on short space (L~h) and time (t~τ) scales [26] .
The DVM gives the 1D energy transfer equation as follows [1, 12, 13, 26, [34] [35] [36] )] 1 ,
is the internal energy of a discrete layer k at a discrete time moment n. Continuum variables t and x are related with the corresponding discrete variables as follows 
The discrete formalism implies that the energy exchange between the layers occurs on the border between the neighboring layers k and 1  k at an average time moment ) ( 
Making for convenience a coordinate shift for continuum coordinate
, we can present the heat flux q in terms of the continuum variables as follows
where x is a coordinate of the border between the neighboring layers, which centers are at
. Thus, the DVM is inherently nonlocalit directly includes into the governing equations for the energy density, Eqs. (20) and (21), and for the heat flux, Eqs. (22) and (23), both time τ and space h scales of energy carriers.
Continuum limits
Eqs. (24) and (26) can be represented in an operator form as follows [13, 26] 
where e and q substitutes for U and j, respectively, in the continuum representation. Taylor expansions of these equations in the continuum limit h→0 and 0   contain an infinite number of terms with two small parameters h and τ. To obtain the corresponding equations with a finite number of terms one should first specify an invariant of the continuum limit, which conserves a desirable property of the continuum model. 
when a is nonzero. This is the so-called "paradox" of propagation of energy disturbances with infinite speed discussed above.
. An alternative type of the continuum limit, which guarantees a finite value of the heat-carrier velocity v, requires that
and 0   [12, 13, [34] [35] [36] . In this case Eq.(24) gives up to the first order in τ (23)) and the kinetic temperature T (see Eq. (21):
where 1 T and 2 T are the kinetic temperatures of the two group of the heat carries moving in the opposite directions. Eqs. (28) and (29) can be presented in a slightly different form as
Camacho [27] demonstrates that the two group representation arises due to the Debye approximation in a maximum entropy formalism, which allows one to split the nonequilibrium phonon distribution function in two equilibrium Bose-Einstein distributions for phonons moving to the left and phonons moving to the right, respectively. In the classical limit, the corresponding phonon temperatures are consistent with Eqs. (30) and (31) . Kroneberg et al. [28] also assume the TG model and arrive at Eqs. (30) and (31), as well as at the HHCE, Eq.(2), using the energy equations for 1 T and 2 T analogous to Eqs.(4) and (5) . Thus, the DVM with the "wave" law of the continuum limit leads to the HHCE, Eq.(2), and the MFL, Eq.(1).
To conclude this section, it should be noted that the RW [1, 2] , the TG representation of Kroneberg et al. [28] , the BTE with the single relaxation time approximation [28, 37, 38, 42] , and the DVM at the wave low of continuum limit [12, 13, [34] [35] [36] lead to the HHCE, Eq.(2), and the MFL, Eq.(1), due to the assumption of the finite value of the heat carriers velocity.
III. RESULTS AND DISCUSSION

A. Effective temperature θ
The kinetic temperature T, which space-time evolution is governed by the HHCE, Eq.(2), characterizes the local energy density of the nonequilibrium stateit is equal to the equilibrium temperature of the same system with the same internal energy in equilibrium. In terms of the TG approach it implies that if a local volume element of the nonequilibrium system consisting of the two groups of the heat carriers with the temperatures 1 T and 2 T is suddenly isolated, i.e. bounded by adiabatic and rigid walls, and allowed to relax to equilibrium, after equilibration the temperature of the local element will be 2 / ) ( 
For convenience of further discussion, we represent Eq.(32) in the inverse form: As an absolute value of the heat flux q increases, the deviation from equilibrium also increases, which decreases the effective temperature θ . When the heat flux tends to its maximum value vCT q  max (or 1  q ), which is reached when all the heat carriers move in the same direction, Eq.(32) predicts that the effective temperature θ tends to zero solid line in Fig.1 ). The limit is also accompanied by ahead of a fast moving heat source [12] or the effective diffusion coefficient
ahead of a phase transformation zone (for example, during rapid alloy solidification) [19, 25] . In these cases the factor φ arises due to the form of the HHCE in a moving reference frame [12, 19, 25] :
where W is the energy source in active systems. The factor φ also arises in the different relativistic transformation laws of temperature [5] .
The effective heat capacity under the far from equilibrium condition is defined as 
The corresponding heat capacity takes the form ) ( ) 2 / 1 ( can be presented as [39] 2 ) ( 2
, with V being the local mean (drift) velocity, and i w being the thermal randomized velocity of particle i, which corresponds to the thermalized kinetic energy. After some algebra Eq.(36) reduces to 
The fist term on the right hand side of Eq.(37) represents the thermalized (disordered) fraction of the local energy density and can be expressed as . Thus, comparison of this expression for th T with Eq.(35) allows us to treat the effective temperature θ as the temperature, which characterizes the thermalized (disordered) fraction of the local energy density (see also discussion in Refs. [5, 6] ).
In other words, the thermal (disordered) fraction of the energy density under local nonequilibrium conditions can be expressed as Fig.1 ).
(b) Comparison with gas hydrodynamics. For small deviation from equilibrium 1
), Eqs.(33) can be represented as
Bernoulli"s equation describing the adiabatic flow of ideal gas is given by [4] 
Taking into account that for the small deviation from equilibrium 1  q the difference between θ and T is small and, consequently, the difference between the last terms on the right hand side of Eqs. (40) and (41) is also small, these equation demonstrate fairly good agreement. Fig.1 shows the effective temperature , while at a high deviation from equilibrium when 1  q , the two temperatures differ substantially (compare solid and dashed curves in Fig.1 ).
(c) Comparison with the TM model. The TM model [41] indicates that the thermal energy is equivalent to a small amount of mass, called thermomass, according to Einstein"s mass-energy equivalence relation. In dielectric bulk materials, the thermomass is represented by the phonon gas and the heat transport is thus regarded as the motion of phonon gas with a drift velocity. The momentum balance equation of phonon gas based on gas hydrodynamics [4] gives a generalized heat transport model, which agrees in many aspects with EIT [5, 6] . Using the Bernoulli"s equation for phonon gas, Dong et al. [41] obtain the relation between the static temperature, st T (effective temperature θ in the present model), and the total temperature, t T (kinetic temperature in the present model), which corresponds to Eqs. (38) and (39) . For further comparison, we represent the equation for the static temperature st T (Eq.(23) in Ref. [41] ) as follows
The denominators in the last terms on the right hand side of Eqs. (40) , (41) and (42) are θ, T, and
, respectively. It implies that for small deviation from equilibrium when T   these equations agree quite well, whereas for high deviation from equilibrium when θ may be significantly lower than T they differ substantially. , where S V is swimming velocity, r is colloid radius, 0 D is equilibrium diffusion coefficient, and is given by [32]         (43) where T b is a bath temperature. The active colloids consume energy from environment in such a way that their motion begins to be more ordered, which increases the effective temperature eff T in comparison with the bath temperature T b . Compared with the present model, the effective temperature θ is the bath temperature b T , while the kinetic temperature T is the effective temperature of the active colloids, eff T . Taking into account that for colloids
and r h 2  , we obtain that Eq.(38a), expressed in terms of the corresponding Peclet number, gives exactly Eq. (43) . Thus, the theoretical prediction of the present model is in a good agreement with the experimental results [32] .
Multiple calculations of the effective temperature eff T for self-propelled particles and motorized semi-flexible filaments have been carried out with molecular dynamic simulations by Loi et al.
[47] (see also review paper [40] ). It has been demonstrated that the FDT allows for the definition of an effective temperature, which is compatible with the results obtained by using a tracer particle as a thermometer [40, 47] . It was found that all data can be fitted by the empirical law [47] . Loi et al. [47] argued that the parameter f plays a role analogous to the Peclet number for colloidal active particles used in the experiments [32] . As Fig.1) , which are relevant for low deviation from equilibrium 1  q but agrees with the maximum entropy approach of Camacho [27] , who has shown that the high heat flux limit corresponds to the quantum case. Thus, the present model, Eq.(32) and Eq.(34), captures well the behavior of the effective temperature θ both in the classical limit 1  q and in the quantum limit 1  q . As we have already mentioned above, the ability of Eq.(32) and Eq.(34) to cover both these limits is a consequence of the analogy between the TG approach and the Bose-Einstein statistics, which is relevant for the quantum limit.
(a) Disordered semiconductors. The non-linear relation for the effective temperature has been observed in disordered semiconductors under electric field [5, [43] [44] [45] [46] . When an electric field is applied to a semiconductor one can characterize the combined effects of the field and the lattice temperature by an effective temperature to describe carrier drift mobility, dark conductivity and photoconductivity [5, [43] [44] [45] [46] . Marianer and Shklovskii [43] on the basis of their numerical calculations of the liner balance equation for electron transition between localized states in exponential tail have obtained the heuristic formula for the effective temperature
where E is the electric field, l is the localization length and el e is the electron charge, and A≈0.67. Baranovskii et al. [44] verified the concept of the effective temperature for the distribution of electrons in band tails under the influence of a high electric field using a new Monte-Carlo simulation algorithm. The simulated data demonstrated a good agreement with the phenomenological equation (44) in a wide temperature range 3<T<150 K. These results indicate, that the concept of the effective temperature can in fact be used as a substitute for the combined action of both the applied electric field and the temperature, as far as relaxation processes are concerned [44] . Nebel et al. [45] , who experimentally measured the electric-field-dependent dc dark conductivity over a broad temperature range (10<T<300 K) in phosphorus-and borondoped and intrinsic amorphous hydrogenated silicon (a-Si:H), found a good agreement with the phenomenological expression, Eq.(44). Liu and Soonpaa [46] experimentally demonstrated the similarity between temperature and electric-field effects in thin crystals of Bi 14 Te 11 S 10 and observed a good agreement with Eq.(44), particularly at low temperatures from T=1.8 to 4.5 K.
Liu and Soonpaa [46] noted that the quantum effects played an important role in their experiments due to the samples size of five atoms thick and the low temperatures .
Compared with the present model, the effective temperature θ is the crystal temperature with zero electric field 0 T , while the kinetic temperature T is the effective temperature of the crystal under electric field eff T . Taking into account that the electric current
, where E  is the electrical conductivity, plays a analogous role as the heat flux q (see, for example, Ref. [6] ), we obtain that Eq.(44) corresponds to Eq.(32a). Note that although the heuristic Eq.(44) provides a good comparison with the experimental data [44, 45] and is helpful from a practical point of view, it did not obtained a physical interpretation [5, 45] .
More recently, Pachoud et al. [48] experimentally investigated electron transport in granular graphene films self-assembled by hydrogenation of suspended graphene. The nonequilibrium entropy S , Eq.(46), scaled with eq S , is shown in Fig.2 as a function of the nondimensional heat flux q (solid line). As expected, S is always less than or equal to that of a local equilibrium situation 2 ln  eq S
. The presence of the heat flux reduces the value of S, indicating that the nonequilibrium state is more ordered than for the corresponding equilibrium state.
The Lagrange multiplier γ assigned to the heat flux constraint, can be calculated as
The parameter γ has no analog in equilibrium and must be regarded as a purely nonequilibrium quantity describing how an increment in the heat flux modifies the entropy [6, 27] . Fig.3 shows minus γ as a function of q . [27] , dashdotted linethe classical limit by Camacho [27] .
To introduce the corresponding entropy production S  , let us consider, following the EIT [5, 6] , a volume element which is sufficiently small so that within it the spatial variation of temperature is negligible. If the volume element is suddenly isolated and allowed to decay to equilibrium, the entropy production would be
is the nondimensional time.
Taking into account that for the small volume element Eq. (2)  which agree with the expression for the local nonequilibrium entropy and entropy production obtained by Jou et al. [5, 6] in the framework of the EIT and by Dong et al [41] in the framework of the TM model. In the limit the parameter  reduces to
, which corresponds to the classical limit by Camacho [27] (compare solid and dash-dotted lines in Fig.3 ). , and 0  S at max even at a nonzero value of T (see also discussion about the third law in Refs. [5, 6, 27] ).
High heat flux limit
IV. ILLUSTRATIVE EXAMPLES
A. Effective temperature in monatomic ideal gas Let us consider a virtual relaxation to local equilibrium of a small adiabatically isolated system where the heat carriers are placed uniformly and move in the same direction. In other words, the initial condition for the situation is: max at the initial time moment t=0 (see Fig.4a ). In this case Eqs. (30) and (31) (see also [5,6,] ).
conductivities across a nano film as follows [26] L h eff / 1
where λ is the bulk thermal conductivity. The sign "+" corresponds to the thermal conductivity with allowance for the temperature jump at the boundaries between the thermal reservoirs and the film, whereas the sign "−" corresponds to the effective thermal conductivity, which is based on the temperature gradient inside the film and does not take into account the temperature jumps at the boundaries [26] . whereas the "internal" effective thermal conductivity eff   increases and tends to infinity in the ballistic regime. The physical interpretation of this fact is that in this regime the temperature gradient tends to zero, while the heat flux through the film has a finite value. To fulfil the Fourier law with a finite value of the heat flux and vanishing temperature gradient, the "internal" effective thermal conductivity eff   tends to infinity. Thus, the deviation of eff   and eff   from their bulk value λ with increasing Kn implies that the steady-state heat transport across the thin film occurs under local nonequilibrium conditions. It implies that when 1  Kn the classical (local equilibrium) definition of temperature is not valid even for the steady-state regimes. So the concept of the effective temperature should be used.
One might argue, however, that the mean free path h in the DVM can at the most be equal to L, that is, in the boundary scattering regime, and therefore the smallest value of L/h is unity [24, 26] .
It is important to note that the mean free path h is a statistical quantity and can be physically
Here p is the probability that a particle would travel a distance x without undergoing a collision. Therefore it is possible to have L h  ,which means that the probability of a phonon, emerging from one boundary and not being scattering until it reaches the other boundary is ) / exp( h L  [24] .
Effective temperature
The DVM predicts the following expression for the heat flux q across a thing film in steady state regime [26] )
